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an increase in Cmu results in an increase in !p and viceversa above
the critical value of the derivative. Figure 1 shows the variation for
aircraft F in � ight condition 3.

The phugoid frequency remains almost invariant with Cm® until
it reaches a critical value M® D Mu Z®=Zu , when it becomes zero.4

At the critical value the phugoid frequency diverges with a slope of
¡1. When Mq Z®=U1 < Mu Z®=Zu , the divergence occurs earlier
at M® D Mq Z®=U1 , and the slope of the curve suddenly changes to
C1. Figure 1 shows the change for aircraft C in � ight condition 2.

The derivativeof !p with respect to Cmq is given by
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! p is thus directly proportional to Mq . From the de� nition of
Cmq (Ref. 1), it follows that ! p is also directly proportional to Cmq .
Figure 1 depicts the variation for aircraft E in � ight condition 1.

It has been shown5 that in the speed range of interest of powered
aircraft !p is invariantwith respect to changes in the forward speed,
dispelling the commonly held notion that the phugoid frequency is
inversely proportional to the forward speed.

Effect of Aerodynamic Derivatives on the Phugoid Damping

Unlike the frequency equation, the approximation to damping
[Eq. (2)] is comparativelymore complicated.All derivativesexcept
CDq , CLq , and CL P® seem to be involved. The numerical simulation
shows that the phugoid damping varies substantially only with the
derivatives CDu , Cmu , Cm® , and Cmq .

From Eq. (2)
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because in practice the second term is much smaller than one. From
the de� nition of Xu (Ref. 1), it follows that 2³p!p increases as CDu

increases. Figure 1 shows signi� cant change for aircraft B in � ight
condition 2.
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The quantityon the right-handside is sometimespositiveand some-
times negative.The numerical simulation indicates that the phugoid
damping remains almost invariantwith changes in Mu except when
Mu approachesthe criticalvalue Mu D .M® Zu/=Z® . At this valueof
Mu , !p D 0, and the term 2³p! p abruptly becomes zero. When Mu

is less than this criticalvalue, there are two real roots to the phugoid.
The numerical simulation shows that 2³p!p is not disturbed by

variations in Cm® except at a critical value of Cm® when it be-
haves violently by abruptly changing its slope to §1. It may be
inferred from Eq. (2) that this behavior is caused by the phugoid
frequency, which becomes zero at M® D .Mu Z® /=Zu and becomes
in� nite when M® D .Mq Z® /=U1 .

Figure 1 shows that when Cmq becomes more and more negative
2³p! p increases in magnitude. The increase is substantial in some
cases and mild in others. Figure 1 shows the variation for aircraft E
in � ight condition 1.

Conclusion
The parametric study undertaken in this paper shows that in the

range of interest the frequencyand the damping depend only on the
derivativesCDu , Cmu , Cm®

, and on Cmq . The speed damping deriva-
tive CDu has no effect on the frequency.The damping increaseswith

increase in CDu . Phugoid damping is invariant with change in Cmu .
When Mu D .M® Zu/=Z® , the phugoid frequency vanishes. For Mu

less than this critical value, the phugoid mode splits into two � rst-
order roots, with one representing tuck under. Above the critical
value, increase of Cmu leads to increase in ! p . The phugoid damp-
ing is invariant with change in Cm® . For large negative values of
Cm®

, !p remains invariant. When M® D .Mu Z®/=Zu , the phugoid
frequency vanishes. When M® D .Mq Z®=U1/, the phugoid fre-
quency becomes in� nite. Increase in jCmqj results in decrease in !p

(for negativevalues of Cmq), and increase in jCmqj results in increase
in 2³p!p (for negative values of Cmq). The change is substantial in
some cases and mild in others.
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I. Introduction

F OR transonic wing designsone of the most important elements
in the analysis of aerodynamic performance is the evaluation

of wave drag. A common technique for estimating the wave drag of
a wing consists in summing the contributions at spanwise sections
over the wing. The contribution at each section may be evaluated
using methods derived from an exact two-dimensional analysis in-
volving the � ow conditions just upstream of the shock wave.1;2 For
eachsectionof thewing, theequivalenttwo-dimensional� ow condi-
tions are then evaluated from the three-dimensional� ow conditions
using simple sweep theory. The major drawback of such a method
is the need for data coming from the three-dimensional � ow state
around the wing through experimental measurements or full three-
dimensionalcompressible� ow state calculations.Such an approach
turns out to be not very useful in the context of preliminary con-
cept design, where expensive three-dimensionalcompressible � ow
evaluations are to be avoided, where possible, during design opti-
mization. Thus, to reduce the computationalcost of wing wave drag
evaluation in preliminary design, approximate methods that do not
require expensive three-dimensional� ow state calculationsmay be
adopted.
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In Ref. 3, Van der Velden et al. propose a method that predicts
the minimal achievable transonic drag as a function of wing pre-
liminary design parameters. The method is based on a database of
airfoilsdesignedforminimumdrag underrepresentativespeci� c op-
erating and geometric constraints. For a given planform, thickness,
and load distribution, the equivalent two-dimensional � ow condi-
tions on a straight tapered section of the wing are determined using
the sweep angle of the shock. Because the location of the shock on
the chord for each airfoil in the database is known, the shock sweep
can be determined iteratively for each combination of section and
airfoil. The two-dimensionalairfoil drag of the wing section is then
recovered from the database and converted into the correspond-
ing three-dimensional value using a modi� ed version of Boppe’s
sweep–taper theory4 and the value of the shock sweep. The local
wave drag values can then be integrated along the span leading to
the overall wave drag of the wing.

The described approach is based on the observation that, though
transonicwings are designedwith respect to many operatingpoints,
the wave drag at the principal cruise operating point is very close
to the minimal achievable wave drag. This is valid in practice for
subsoniclong-rangetransportsbecausetheyspendmost of their time
at the cruise operating condition, but it may not be so applicable
for other transport ranges. Moreover, such a hypothesis prevents
tradeoffsof the variouscomponentsof drag from being investigated.
Another restriction of this approach is the assumption that during
preliminary design the wing will be described in terms of planform
and thickness distribution,and the detailed shapes of the individual
sectionsof the wing will not be available.This means that wave drag
can not be evaluated directly because it depends on the curvatureof
the wing sections,and approximatemethods have also to be used for
the predictionof the spanwise loading.Such an approachis common
to many concept design tools and, although it has the advantage of
not needing to call on sophisticated computational � uid dynamics
(CFD) codes, runs the risk of limiting improvementsin design, even
if only the overall planform and other major parameters are being
investigated.

In Ref. 5, Robinson and Keane describe an approach to section
modeling, where each section is described as a linear combination
of a set of orthogonal shape functions derived from a series of a
supercritical transonic two-dimensional aerofoil sections. Such or-
thogonal shape functions can be used to construct those foils in
the original set of airfoils, when combined together in appropriate
ratios, or other related section shapes by using other mixes. The
proposed method allows for up to six such base shapes to be used
in this process, but demonstrates that the shapes and aerodynamic
performance of the original airfoils can be recovered to reasonable
precisionwith just two functions,which essentiallyre� ect thickness
to chord ratio and camber.

The ability to represent an airfoil with just two base function-
weighting parameters offers the possibility of de� ning an effective
and ef� cient geometric model of the wing sections, well suited to
the preliminary design stage. Following this approach, once the
thickness to chord ratio, twist, and camber distributions along the
wing are known, the full shape of the wing may be de� ned for
subsequent analysis by CFD codes (or any other form of analysis).
This allows for more accurate design performance estimations and
tradeoff studies to be carried out between the different components
of drag. In this work, an approximate method for the estimation of
the wave drag of transonicwings described in this way is presented.
The aim is to devise an ef� cient wave drag estimation method for
use with panel codes that is especially suitable for the preliminary
wing design process.

The work described here uses the airfoil representation for wing
section parameterization of Robinson and Keane.5 The aim is to
evaluate the wave drag of a three-dimensionalwing just using data
coming from accurate two-dimensional � ow analyses. The desire is
to evaluate the contributionof each section of the wing to the over-
all wave drag by reconstructingan equivalent two-dimensional� ow
characterizedby the same localwave drag value.To de� ne how such
an equivalent two-dimensional � ow might be reconstructed, com-
pressible two-dimensional � ow analyses of several pro� les derived

from transonic wing sections have been performed. Mach number
distributions around the two-dimensional pro� les have then been
compared to those around the complete three-dimensionalwing to
understandunderwhat geometricand � ow state conditionsthe wave
dragvaluesmatch.This studyis describedin Sec. II. Then, in Sec. III,
an equivalencebetween the three-dimensionaland two-dimensional
wavedragvalues is derivedbasedon the applicationof simplesweep
concepts and equivalent camber distributionsof the local spanwise
wing sections. Finally, in Sec. IV, the method is applied to compu-
tation of the wave drag of a transonic wing and a comparison made
with a more accurate evaluation based on data coming from a full
compressible three-dimensional� ow analysis.

II. Three-Dimensional and Two-Dimensional
Wave Drag Evaluations

Consider an aircraft wing at a Reynolds number of 7.3 £ 106,
Mach number of 0.785, and angle of attack of 1.52 deg. The wing
geometry data are given in Table 1.

The envelope of the wing has been constructed using 18 sec-
tions uniformly distributedalong the wing span, as shown in Fig. 1.
Each section has been de� ned as a linear combination of two or-
thogonal functions, according to the strategy described in Ref. 5.
These functions represent the t=c distribution and the camber of
the section.Once the spanwise distributionof these functionsalong
the wing is known, the full geometric description of the wing may
be constructed for subsequent analysis by the CFD codes. In this
case, the thickness to chord ratio distribution is input, whereas the
camber distribution is found by prescribing a spanwise lift distri-
bution that minimizes the sum of wave and induced drag, also fol-
lowing the approach outlined in Ref. 5. A full three-dimensional
� ow state evaluation has been performed for this design using the
MGAERO three-dimensionalEuler solver6 followed by application
of Lock’s second-order method1 (also known as the Engineering
Sciences Data Unit method2) to provide a wave drag estimate from
the resulting � ow information.This wave drag estimation uses rela-
tions based on the Mach number immediatelyupstreamof the shock

Table 1 Wing geometry data

Quantity Value

Wing area, m2 168
Aspect ratio 9.07
Kink position 0.313

(fraction of span)
Sweep angle, deg 27.1
Inboard taper ratio 0.6
Outboard taper ratio 0.51
Root t=c 0.15
Kink t=c 0.122
Tip t=c 0.122
Wash out at tip, deg 4

Fig. 1 Wing sections.
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Fig. 2 Case 1, Mach number distributions over the equivalent two-
dimensional section and wing section.

together with the mean aerofoil surface curvature over the region
upstream of the shock. The three-dimensionalcode also provides a
complete set of output � ow variables values for each section of the
wing.

First, consider a section of the wing located at 37% span. This
section is characterized by a t=c value of 0.122, a camber weight-
ing parameter ¯ of ¡0.160, and an angle of attack of ¡0.069 deg
(downwash angle included). The solid line in Fig. 2 represents the
Mach number distribution over the section taken from the three-
dimensional Euler solution (case 1). Here the supersonic region
over the upper surface ends near the trailing edge through a weak
shock. In this case the wave drag is almost negligible, its value
being only 0.45 counts. In an attempt to � nd an equivalent two-
dimensional � ow, consider a section with equivalent effective val-
ues of t=c, Cl , and � ow conditions characterizedby effectiveMach
number, that is, from simple sweep theory. In this � rst case, the
same camber as that for the three-dimensionalwing sectionhas been
used. The two-dimensional � ow solution has been computed with
the two-dimensional MGAERO solver, using its internal angle-of-
attack control feature to provide the desired section lift coef� cient.
The dashed line in Fig. 2 represents the correspondingMach num-
ber distribution. A well-de� ned shock wave can be identi� ed on
the upper surface of the equivalent section for the two-dimensional
analysis, corresponding to a value of the wave drag of 29 counts.
The resulting value of the angle of attack is ¡2.69 deg, far from its
value in the three-dimensional� ow of ¡0.07 deg. Clearly, the two-
dimensional section is not a good match for the three-dimensional
� ow.

Next a case has been considered where the camber value is al-
lowed to change to � nd a two-dimensional � ow characterized by
the same wave drag value as the � ow over the three-dimensional
wing section. To achieve this the camber weighting function value
¯ has been varied from ¡0.15 to 0.10 (case 2). The value of the
camber function weight for which the two-dimensional � ow best
matches the three-dimensional wave drag value is approximately
¡0.08, with an angle of attack of ¡1.54 deg. For higher or lower
values of the camber function, well-de� ned shock waves appear
on the upper surface of the section (near the trailing edge for low
¯ /high camber and the one-third chord point for high ¯ /low cam-
ber). Figure 3 shows the two-dimensional matching Mach number
distribution(dashed line) comparedwith the three-dimensionaldis-
tribution. The variation of camber allows for a choice of a section
with the same wave drag as the section of the three-dimensional
wing, the angle of attack being somewhat different from its value in
the three-dimensional� ow. Table 2 summarizes the matching case.

Next, the sweep angle of the wing is changed from the preceding
value of 27 deg to a value of 20 deg, while conserving the total
lift coef� cient (case 3). The three-dimensionalMGAERO solution
then gives an angle of attack of 0.90 deg. The section located at near

Table 2 Case 2 data

Wing section Matching section
Quantity (three-dimensional) (two-dimensional)

Mach number 0.785 0.718
t=c 0.122 0.133
Cl 0.5968 0.7133
Camber function value ¡0.160 ¡0.08
Angle of attack, deg ¡0.069 ¡1.538
Wave drag (counts) 0.45 0.47

Table 3 Case 4 data

Quantity Wing section Matching section

Mach number 0.785 0.753
t=c 0.122 0.127
Cl 0.603 0.657
Camber function value ¡0.159 ¡0.047
Angle of attack, deg ¡0.50 ¡1.14
Wave drag (counts) 19.8 20.5

Fig. 3 Case 2, Mach number distribution over the matched two-
dimensional section and wing section.

midspan has been considered. The angle of attack of this section
is equivalent to ¡0.22 deg. Figure 4 shows the Mach number dis-
tributions of the wing section obtained from the three-dimensional
� ow solution (solid line) together with that obtained from the two-
dimensional � ow solution with identical camber (case 3, dashed
line). This time a better-de�ned shock wave appears in the three-
dimensional solution as its strength grows with decreases in sweep
angle of the wing (M > 1.2), despite the reduced value of the angle
of attack. In fact, the local three-dimensional wave drag value is
19.3counts,whereasthe two-dimensionalsolutionproducesan even
strongershockwith a wave drag of 80.9 counts.A similar studyas in
the preceding case has then been conducted by varying the camber
function for the two-dimensional section in the range ¡0.16–0.01
(case 4). The three-dimensionalwave drag is matched for a value of
the camber functionof approximately¡0.047and an angle of attack
of ¡1.14 deg. The matching Mach distribution is also reported in
Fig. 4 (symbols). Table 3 summarizes the data for this case.

III. Geometric Equivalence
Table 4 gives the values of the two-dimensional � ow angle of

attack obtained when varying the camber weight function values ¯
in the range considered in each of the preceding cases togetherwith
the corresponding three-dimensional � ow values. It appears, from
an analysisof these data that the value of ¯ for the two-dimensional
section for which the two-dimensionaland three-dimensionalwave
drag values best match, ¯2d , is a weighted sum:

¯2d D .3¯®2d D ®3d C ¯3d /=2 (1)
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Table 4 Cases 3 and 4 angles of attack and camber weighting functions

Three-
Quantity dimensional Two-dimensional

Case 3
® ¡0.069 ¡2.438 ¡2.014 ¡1.538 ¡1.366 ¡0.991 ¡0.116 0.603 1.268
¯ ¡0.16 ¡0.15 ¡0.11 ¡0.08 ¡0.07 ¡0.05 0.00 0.05 0.10

Case 4
® ¡0.219 ¡2.781 ¡2.668 ¡2.23 ¡2.306 ¡1.141 ¡1.132 ¡0.605 ¡0.427
¯ ¡0.16 ¡0.160 ¡0.149 ¡0.115 ¡0.103 ¡0.047 ¡0.035 ¡0.001 0.010

Fig. 4 Case 3, Mach number distributions over the equivalent two-
dimensional section, matched two-dimensional section, and wing sec-
tion.

where ¯.®2d D ®3d/ is the value of ¯ for which the angles of attack
match and ¯3d is that of the wing section. For cases 2 and 4 this
formula produces, respectively,

¯2d D .3 £ 0:006 ¡ 0:16/=2 D ¡0:071 (2)

and

¯2d D .3 £ 0:023 ¡ 0:16/=2 D ¡0:046 (3)

These values should be compared with those of ¡0.08 and ¡0.047
selected earlier for these two cases.

IV. Estimation of Wave Drag for a Transonic Wing
To illustrate this process, the results described in the preceding

section are next applied to the estimation of wave drag for the com-
plete transonicwing having the parameters alreadynoted in Table 1.
First, to automate the search for equivalent two-dimensional � ows,
a series of � ow analyses of two-dimensional pro� les of unit chord
length have been performed with the two-dimensional version of
the MGAERO solver. A range of different � ow conditions and t=c
distributions have been considered corresponding, respectively, to
values of Mach number of 0.7, 0.75, 0.78, and 0.8 and t=c ratios of
0.075, 0.1, 0.125, and 0.15, while allowing the camber weighting to
bevaried in the range¡0.5–0.6 in 12 steps,and Cl in the range0–0.8
in 7 steps. For each of these combinations, the value of the angle of
attack is recovered(using the internal angle of attack control feature
of MGAERO to provide the given lift coef� cient), together with the
value of wave drag (using Lock’s1 second-order method). Having
setup such a two-dimensionaldatabase, a look-up table approach is
then used to � nd the equivalent three-dimensionalwave drag. This
approachenables the value of ¯ that matches the three-dimensional
wing section angle of attack to be found by interpolation for given
t=c, Cl, and Mach number and then the value of wave drag coef� -
cient, again by interpolation, once the equivalent camber function
weight has been derived from Eq. (1). The wave drag coef� cient is,
thus, computed on a basis of � ow conditions and geometric quanti-
ties derivingfrom two-dimensionalequivalenceconsiderations,that

Fig. 5 Local CDw.

is, from sweep theory, using two-dimensionalpro� les of unit chord
length.The localwavedragcoef� cientCDw of the three-dimensional
wing is then given by

CDw D C ¤
Dw cos3 3 c (4)

where C¤
Dw is the wave drag coef� cient of the matched two-

dimensional pro� le, 3 is the sweep angle of the shock on the upper
surface of the wing (here taken parallel to the outboard trailing
edge), and c is the local chord length. The local wave drag coef� -
cients can then be integrated along the span leading to the overall
wave drag coef� cient of the wing. Figure 5 shows the local wave
drag coef� cients as computed by this approximate method (dashed
line) compared with those from using the � ow data values of a full
three-dimensionalanalysis (solid line).

The approximate CDw of each section has been computed using
the local Cl and angle of attack of a three-dimensional � ow solu-
tion produced using a panel code.7 Moreover, the local angles of
attack have been de� ned by taking into account the local twist and
a downwash angle simply computed from an elliptic spanwise lift
distribution.

Notice that the drag coef� cient is underestimatedin the middle of
the semispan and slightly overestimated toward the root and the tip.
The overall drag coef� cient predicted by the approximate method
is 9.7 counts, just 1.7 counts higher than the accuratevalue from the
full three-dimensionalsolution.

The entire procedure for the wing wave drag evaluation can thus
be summarized as follows:

1) Solve the � ow for the wing con� guration under consideration
using a noncompressible � ow solver (panel code) and recover the
spanwise loading distribution and the angle of attack.

2) For each spanwise wing section a) compute Mach2d , Cl2d , and
t=c2d , using the sweep angle of the shock (assumed parallel to the
outboard trailing edge); b) compute the angle of attack ®3d using
the section twist and a downwash angle based on the equivalent
ellipticspanwiseloadingdistribution(a betterestimateof the section
downwash angle may be made using a sine series decompositionof
the actual loading distribution8); c) pick up ¯.®2d D ®3d/ from the
look-up table using t=c2d , Mach2d , Cl2d , and ®3d as input data; and
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Table 5 Drag coef� cients values

Euler drag (counts) Panel drag (counts)
Mach Sweep
no. angle, deg CDw Cd (CDw=Cd )% CDw Cd .CDw=Cd/%

0.785 25 15.0 177.0 8.7 17.1 188.7 9.1
0.785 27.1 8.0 171.4 4.7 9.7 176.4 5.5
0.8 30 16.7 175.6 9.5 15.1 181.7 8.3
0.8 35 7.6 165.9 4.6 8.7 172.7 5.1
0.85 30 26.1 175.9 14.8 25.7 159.4 16.2
0.85 35 3.5 147.6 2.4 4.8 152.8 3.1
0.9 35 29.7 151.5 19.6 23.9 147.4 16.2

d) compute ¯2d from Eq. (1) and then pick up CDw from the look-up
table using t=c2d , Mach2d , Cl2d , and ¯2d as input data.

3) Integrate the wing section wave drag coef� cients along the
span for the overall wave drag coef� cient of the wing.

It seems that despite the various approximations involved in the
evaluationof the local angles of attack, this approach does not prej-
udice the prediction of the wave drag via two-dimensional values.
Numerical experience has shown that a variation in the angle of
attack up to 1 deg gives errors in the wave drag values of just a few
counts.

Wave drag values computations for differentwing con� gurations
over a wide range of geometries have con� rmed that the agreement
between the Euler-based method and the Panel-based method of
estimation is maintained over a range of Mach numbers. Table 5
gives values of the wave drag and the overall drag for Mach number
and sweep angle varying, respectively, from 0.785 to 0.9 and from
25 to 35 deg, as predicted by the two methods. As may be seen, the
difference between the wave drag values lies in the range 0.4–2.0
counts, except for the case with Mach number of 0.9 and sweep
angle of 35 deg, where the difference rises to 5.9 counts. It is clear
that, at such sweep and Mach number, � ow conditions are highly
three dimensional and that the drag estimates of the panel-code-
based method are beginning to be misleading. Nevertheless, in all
of the cases, the relative wave drag values of the two methods with
respect the correspondingoveralldrag values differ by no more than
3.4%.

In Ref. 9, the method described in this paper has been integrated
into a multileveloptimizationmethodologyfor the preliminarycon-
cept design of transonic wings. The methodologywas mainly char-
acterized by the use of different � ow analysis levels, ranging from
an empirical model through a linearized potential method to an
Euler method. The utility of the method has been twofold. First, the
method has supplied a reliable wave predictioncapability to the lin-
earized potential code. Second, the method has been employed as a
design tool for de� ning a camber variation along the wing that may
be used to minimize the sum of induced and wave drag. When used
in this fashion, the method allows for tradeoffsof induced and wave
drag without calling either of the CFD codes. More precisely, the
wave drag is evaluated using a lift distributionbased on the camber
data and an angle of attackbased on an estimated lift curve,whereas
the induced drag is found by simply integrating the lift. Numerical
results demonstrate the ability of such an approach to lead to good
wing shape designs, thus demonstrating the effectiveness and ro-
bustness of the proposed method for evaluating the wave drag of
transonic wings.

V. Conclusion
A new method for estimating the wave drag of swept three-

dimensionalwings in transonic � ows has been described.This may
be used in conjunctionwith panel codes duringconceptdesign stud-
ies. Using simple sweep theory and information on the wing shape,
the method evaluates the contribution of each spanwise wing sec-
tion to the overall wave drag by reconstructing an equivalent two-
dimensional � ow characterizedby the same local wave drag value.
Then a routine applying data derived from the of� ine analysis of all
of the possible two-dimensional sections in use (by an Euler code)
estimates the wing wave drag. This makes use of spanwise loading
distributionand angleof attack calculatedby the panel codeor from
suitable approximations.The effectivenessof the method has been
assessed by comparison with a more accurate wave drag evaluation
method based on data coming from full three-dimensional com-
pressible � ow analyses. The differences between these approaches
have been shown to be in the range of just a few drag counts.

Aimed at providing a reliable wave prediction capability to lin-
earized potential codes, the method is especially suitable for the
preliminary concept wing design process, where analyses based
on expensive three-dimensional compressible � ow evaluations are
avoided if at all possible. Moreover, because curvature information
of the wing sectionsis takenintoaccount,the methodallows tradeoff
studies of the various drag components to be carried out, thus en-
abling sophisticatedde� nition of the wing shape in the early stages
of the design process.

No doubt the approach proposed would not work so well at
higher speeds or extreme sweep angles when only a full, compress-
ible three-dimensional analysis can accurately describe the � ow
conditions.
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